IOP SClence jopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

On (k=3/4) coherent states for the harmonic oscillator

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
1990 J. Phys. A: Math. Gen. 23 147
(http://iopscience.iop.org/0305-4470/23/2/011)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 129.252.86.83
The article was downloaded on 01/06/2010 at 09:20

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/23/2
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

J. Phys. A: Math. Gen. 23 (1990) 147-152. Printed in the UK

On (k =32) coherent states for the harmonic oscillator

N Debergh

Université de Liége, Physique Théorique et Mathématique, Institut de Physique au Sart
Tilman, Bitiment B.5, B-4000 Liége 1, Belgium

Received 21 April 1989

Abstract. A new construction of Perelomov’s generalised coherent states is considered for
one-dimensional harmonic oscillators admitting the Heisenberg-Weyl group as invariance
Lie group. Exploiting the Niederer maximal kinematical invariance group for such physical

systems, we deduce further characteristics on the Heisenberg states through the use of the

fundamental Perelomov state |k, k) with k =2, We explicitly get new normalisation factor

and measure for the Heisenberg generalised coherent states. The real Lie algebras so(2, 1)
O h(2), so(2, 1) and h(2) play a prominent role in this study.

1. Introduction

The largest kinematical group of the (one-dimensional) quantum harmonic oscillator
has been determined by Niederer (Niederer 1972, 1973) as the group denoted by
HO(1), isomorphic to SCHR(1). It can be used in order to construct coherent states
with maximal symmetry (Beckers and Debergh 1989a) by intensively exploiting its
content at the level of the corresponding Lie algebras. Recall that to this kinematical
group corresponds the semidirect sum of two Lie algebras, the so-called Heisenberg-
Weyl real algebra h(2) and the real orthogonal algebra so(2, 1).

It is well known that the algebra h(2) as well as the non-compact algebra so(2, 1)
are fundamental structures for one-dimensional quantum harmonic oscillators. On the
one hand we immediately learn from elementary quantum mechanics (Cohen-
Tannoudji et al 1977, Shankar 1980) the prominent role of h(2) by studying in particular
the energy spectrum of the harmonic oscillator (and its eigenfunctions). On the other
hand, if dynamical or kinematical symmetries are explored, the simple algebra so(2, 1)
directly emerges, as quoted by Wybourne (1974) (in the dynamical context) or by
Niederer (1972, 1973) (in the kinematical context). Notice also that, as pointed out
simultaneously by Niederer (1972, 1973) and Hagen (1972), the subalgebra so(2, 1)
deals with non-relativistic ‘conformal’ coordinate transformations. The above semi-
direct sum evidently shows the interdependence of both subalgebras, a very interesting
property (Niederer 1972, 1973) that we call the ‘Niederer property’. It is also stressed
by the fact that each generator of so(2, 1) can be expressed in terms of those of h(2)
so that all the generators of the semidirect sum are constructed from bosonic annihila-
tion and creation operators (see (2.2) and (2.3) below).

Recent results (Beckers and Hussin 1986, Beckers er al 1987, Dehin and Hussin
1987) in supersymmetric quantum mechanics having already been published by exploit-
ing the above ‘Niederer property’; we now want to apply it to coherent states (Klauder
and Skagerstam 1985) for the harmonic oscillator. Indeed, in such a field, the subalgebra
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h(2), and evidently the corresponding group, are at the origin of the construction of
the so-called ordinary coherent states (Glauber 1963, Klauder 1963) while the subal-
gebra so(2, 1) and its associated orthogonal group are amongst the first Lie structures
to lead to the so-called generalised coherent states (Barut and Girardello 1971,
Perelomov 1972, 1977, 1986).

Here we want to construct a new set of generalised coherent states for the Heisenberg
group. In fact we want to exploit the ‘Niederer property’ which is particularly useful
at the level of the algebras associated with the maximal kinematical invariance group.

Let us first consider the orthogonal subalgebra so(2, 1). Itis well known (Wybourne
1974) that in the context of the harmonic oscillator, the eigenvalue of its Casimir
operator is k(k —1) = —i% so that k is either } or 3, the value k =3 leading to a definite
positive measure for the Perelomov states (Perelomov 1972, 1977). Secondly, due to
the interdependence of so(2, 1) and h(2) through the ‘Niederer property’, let us choose
the Perelomov fundamental state |k, k) with k =3 for studying the set of Heisenberg
generalised coherent states. Then we will show that from this fundamental state |%, D,
we get a new set of normalised Heisenberg states insuring the expected overcomplete-
ness (Klauder and Skagerstam 1985). These states will be characterised by a new
normalisation factor and a new measure of specific interest in connection with para-
supersymmetric coherent states (Beckers and Debergh 1989b).

As a further comment, let us notice that the choice of the |k, k)-state instead of the
vacuum state |0) is allowed due to the fact that the respective stationary subalgebras
(Perelomov 1979) are identical. In particular, this can also be illustrated for the other
value k =; with the fundamental state |}, 1) leading to the expected and well known
results (Klauder and Skagerstam 1985, Glauber 1963, Klauder 1963, Perelomov 1972,
1977) as mentioned in (3.17).

This paper is organised as follows. In section 2, after a few generalities about the
algebras we are interested in, we will put in evidence the different actions of some
s0(2, 1)- and h(2)-generators on the states we have to consider here. This discussion
will lead us to recover the so(2, 1)-Perelomov results. Section 3 will be devoted to the
study of the corresponding states in relation with the Heisenberg algebra h(2). This
last section will be essentially based on the discovery of the new normalisation factor
and the new measure for k =2.

2. The (k =3) context and its implications for so(2, 1)

As already mentioned in section 1, the Heisenberg algebra h(2) has played an important
role in the first developments on coherent states (Klauder 1963, Glauber 1963, Klauder
and Skagerstam 1985). It is generated by three operators (P,, P_, I) which satisfy the
only non-vanishing commutation relation

[P, P ]=-~1 (2.1)

Through Niederer’s realisation (Niederer 1972, 1973) of these generators in terms of
creation (a") and annihilation (a) operators, we can write them as

P, =iqg’ P_=-iq (2.2)

The generators of so(2,1) have also been considered by Niederer; they are
expressed as

K.=-(i/2)(a"a") K_=(i/2)(aa) Ko=Xa'a+}) (2.3)
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and satisfy the following commutation relations:

[Ko, K. ]=K, [Ko, K ]=-K_ [K+, K }=-2K,. (2.4)
The Casimir operator of this simple algebra is given by
Cy¥*V=KZI-JK.K_+K_K.] (2.5)

and is in fact, through our realisation for the harmonic oscillator, identical to —(3%)I
as expected (Wybourne 1974). The two irreducible representations of so(2, 1) in the
discrete series correspond to k=3 and k=3. If we label the states with k and m (the
eigenvalue of K,) we know that (Wybourne 1974, Balantekin et al 1988)

K.k, my=Fi[(m=k)(mFk=+1)]"*|k, m£1) (2.6)
K. k=3, my=Fi[(mzkTH(mFk=£H]Ik-L, m=1) 2.7)
in connection with our choice k=3. Let us now exploit the work of Niederer (1972,

1973) and simply notice that through the explicit realisation of the generators we are
considering, we have

P P, =-2iK, P_P_=2iK._

so that it is possible to define consistently with (2.6) and (2.7) the action of the ladder
operators of h(2) as follows:

Pk, m)=iV2(mFkx1)"}k-3, mz} (2.8)

P k=% my=iv2(mxkFH" |k m=xd). (2.9)

Let us now consider the non-compact algebra so(2,1). It admits coherent states
which can be seen as displacement states defined by

lay= N e**+|k, k) (2.10)

where « is any complex number such that [a| <1 (Perelomov 1972, 1977). We have

to calculate the normalisation factor N so that we can insure the scalar product (a|a)
to be equal to 1. By using the explicit action of K. on the states |k, m), we get

= 2k +p) )”2
a)=N —ia "(—- k, k+p). 2.11
=N ¥ Y (5 Srar) RER (2.11)
Due to the orthonormalisation of the states |k, m), the inner product we have to consider
in order to fix N is thus
, & |alT(2k+p)
(ala)=|NP 3, BLTEkTP)_
p=o [(p+1)I'(2k)
so that we can conclude that in the case of k =3, we obtain, according to Perelomov
(1972, 1977),

NP =(1—-[a)" (2.13)

Now, the second requirement (besides the normalisation) for our states to be coherent
(Klauder and Skagerstam 1985) is the discovery of a measure u(|a|’) such that the
completeness relation is satisfied, i.e.

INPF(1=|af?) 2 (2.12)

J la)a|u(|al?) d’a =1 (2.14)

where d’a = d(Re )d(Im a).
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By combining this relation with (2.11), we are led to

1

m. (2.15)

p(lal®) =

This result coincides with Perelomov’s measure when k =3, while we recall there does
not exist such a well defined measure when k =3 in this so(2, 1) context (Perelomov
1972, 1977).

3. The algebra h(2) and its (k =3) coherent states

The Heisenberg algebra is a non-compact, non-semisimple, but solvable and nilpotent
algebra. This allows us to apply Perelomov’s method (Perelomov 1979) by defining
our states as

18)= N" e[k, k)= N' ¥ ?(P+)"|k, k) (3.1)

q=0

where B is any non-vanishing complex number.
By considering the different actions (2.8) and (2.9) of P,, we have to distinguish
the cases where g is even (g =2s) or odd (g =2s+1) so that we get

_nf 0B (TG+9T(s+ D),
o=~ £ () e
= (18", A(TG+s)C(s+2)\"°, ]
+s§0r(25+2)2\/§( ré) ) a3+ s) (3.2)

where we have replaced k by its chosen value . By recalling the well known relation
between gamma functions (Abramowitz and Stegun 1965)

I(s+3)2*"T(s+2)=T(2s+3)['(}) (3.3)

we can rewrite (3.2) in the form

o] S 251 e 252\
lB)—N[EO(xB) <(2s)!) |4,4+s>+£,0(1ﬁ) <__(2s+1)!) ;,;,+s>]. (3.4)

In order to calculate the normalisation factor N, we again consider the scalar product
(B|B); we obviously get

IN']* = exp(=|BI)(1+B[*) ! (3.5)

so that we are able to search for the measure u'(|8|?) which satisfies

j BXBIL (BB = 1. (3:6)

This relation can be put in the form

= T(s+3)T(s+1)

SSo[F2s+ DTG
< T(s+3)T(s+2) .., RI2 @ ds+ 2y-1

+ L s T 2 fexp< BRI 2(1+18P) " w (1) a*8

X|5, s+G, s+i=1. (3.7)

2% f exp(=IBP)IBI" (14181 (1B) d*Bli, s +3)G, s +]
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By once again using (3.3), we have in fact to find u'(|8/?) such that

oy 12 I'(g+ D]
J exp(-IBPIBI (1 +|BA) " w/(BP) 8 =LF((‘;—+;%. (3.8)
From this relation, we deduce that
+oc R 1 = . g
[, expiia) expiigry +18) g alor =1 £ G (9

This last series absolutely converges when |y| <1 and has to be analytically continued
otherwise so that we are able to consider
1 &= (iy)" 1 .
M(y)=— ———=—,F(1,1;2;i 3.10
=2 L Gn =P Lz (3.10)
where the hypergeometric function (Abramowitz and Stegun 1965) ,F,(a, b; c; z) is
defined by
I'(¢) & T(a+nm)(b+n) "
Fa b;c;z)= —.
Fila b6 )= LT Tedn)  nl
Through Fourier transforms (Bateman 1954), the measure we are interested in is thus
given by

(3.11)

w181 = 'BI D o) J: exp(—ilBI°y)2Fi(1, 15 2, iy) dy. (3.12)
Let us now consider the following change of variables:

y=-iGz-p)
so that the measure becomes
w(py =D i expiiprra) J:: exp(BPp):F(L ;2 4-p)dp.  (313)

The last integral is in fact the inverse of a Laplace transform and is equal to (Bateman
1954)

2’ﬂ'i(‘,3|2)_1/2 W—l/z,o(iﬁlz)
where W, ,(x) is the Whittaker function (Abramowitz and Stegun 1965). We finally get
#1817 = (1/ m)(1+(BMIBI™" exp(|BI*/2) W_y,2,0(181). (3.14)

Let us mention a few remarks and first notice that the measure (3.14) can also be
expressed as

w'(1B1%) = (1/m)(1+181*) exp(IBI) E (181 (3.15)

where the exponential integral E,(|B|°) is proved to satisfy (Abramowitz and Stegun
1965)

exp(IBI)E(|B1) > 1/(1+|8]%). (3.16)

As a second remark, let us mention that the parallel study with k =} (instead of 3)
is evidently easy to realise but starting with well adapted (2.6)-(2.9). The correspondmg
results would be

IN']>=exp(—|8[*) w' (B =1/m (3.17)
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according to already known developments (Klauder and Skagerstam 1985, Glauber
1963, Klauder 1963). It is then easy to show that

Mik=3/4)> M{k=1/4) (3.18)

so that we find once again that the (k=3) context is quite different from the usual
(k =1) context.

Acknowledgment

Very useful and stimulating discussions with Professor J Beckers are cordially acknowl-
edged. Thanks are aiso due to the referee for a constructive suggestion in the presenta-
tion of this paper.

References

Abramowitz M and Stegun I A 1965 Handbook of Mathematical Functions with Formulas, Graphs and
Mathematical Tables (National Bureau of Standards Applied Mathematics) 4th edn

Balantekin A B, Schmitt H A and Barrett B R 1988 J. Math. Phys. 29 1634-9

Barut A O and Girardello L 1971 Commun. Math. Phys. 21 41-55

Bateman H 1954 Tables of Integral Transforms vol 1, ed Erdelyi (New York: McGraw-Hill)

Beckers J and Debergh N 1989a J. Math. Phys. 30 1732-8

—— 1989b Mod. Phys. Lert. A 4 1209-15

Beckers J, Dehin D and Hussin V 1987 J. Phys. A: Math. Gen. 20 1137-54

Beckers J and Hussin V 1986 Phys. Lert. 118A 319-21

Cohen-Tannoudji C, Diu B and Laloe F 1977 Mécanique Quantique Tome I (Paris: Hermann)

Dehin D and Hussin V 1987 Helv. Phys. Acta 60 552-9

Glauber R J 1963 Phys. Rev. 131 2766-88

Hagen C R 1972 Phys. Rev. D § 377-88

Klauder J R 1963 J. Math. Phys. 4 1055-73

Klauder J R and Skagerstam B S 1985 Coherent States—Applications in Physics and Mathematical Physics
(Singapore: World Scientific)

Niederer U 1972 Helv. Phys. Acta 45 802-10

—— 1973 Helv. Phys. Acta 46 191-200

Perelomov A M 1972 Commun. Math. Phys. 26 222-36

—— 1977 Sov. Phys. Usp. 20 703-20

—— 1979 Sov. J. Nucl. Phys. 29 867-71

—— 1986 Generalized Coherent States and their Applications (Berlin: Springer)

Shankar R 1980 Principles of Quantum Mechanics (New York: Plenum)

Wybourne B G 1974 Classical Groups for Physicists (New York: Wiley)



